Some new results on Kronecker and Hadamard products of centrosymmetric matrices and their equivalence forms are discussed, respectively. In addition, we derive an upper bound for the spectral radius of Hadamard product of two centrosymmetric matrices A and B with respect to p-norm of blocks of A • B, for p ≥ 2.
Introduction and Preliminaries
A centrosymmetric matrix being symmetric about its center has wide range of applications in antenna array, quantum physics, mechanical and electrical systems, pattern recognition, communication theory, speech analysis, digital filters and linear prediction. The structure of centrosymmetric matrices provides computationally efficient results in complex algorithms. Many applications such as pattern recognition feature selection, a uniform linear antenna array, vibration in structures and quantum mechanical oscillator benefit from this inherent structure of centrosymmetric matrices [2, 3, 4] .
Let n be a positive integer. Then, R n×n denote the set of all real matrices throughout the paper. 
n×n is a centrosymmetric matrix, if a i j = a n−i+1,n− j+1 where 1 ≤ i ≤ n, 1 ≤ j ≤ n, or J n AJ n = A where J n is the flip matrix with ones on the secondary diagonal and zeroes elsewhere [5, 8, 9, 11] . 
Then, for B, C ∈ R m×m , a 1 , a 2 ∈ R m×1 , α is a scalar, we have either
where
We have the following facts on the spectral radius of a matrix and the properties of Hadamard and Kronecker products [1, 2, 5, 6, 7, 8, 10] .
Lemma 2. Let A, B ∈ R
n×n . Then we have
where |A| = a i j n×n and ρ(A) is the spectral radius of A.
We use some properties of Hadamard and Kronecker products throughout. One we use is the following property of Kronecker product:
for A p×q , B s×t , C q×u and D t×v . The other one is the relation between Kronecker and Hadamard products given in the following lemma.
Lemma 3. Let A and B be n × n matrices. Then there exists an n 2 × n selection matrix J such that J T J = I and
where J T is an n × n 2 matrix [E 11 , E 22 , ..., E nn ] and E ii is the n × n matrix of zeros except for a one in the (i, i)th position.
Main results
In this section, we mainly discuss some results on Hadamard and Kronecker products of two centrosymmetric matrices. In [3] , Chen, Wang, and Zhong mentioned the following result on centrosymmetric matrices. Here, we give a proof of the result. Proof. Using the definition of Kronecker product for A and B , we have
and
It is enough to show that
Indeed since B is centrosymmetric and J mn = J m ⊗ J n we have
Therefore, A ⊗ B is a centrosymmetric matrix.
It was given by Zhao, Li and Gong in [11] that Hadamard product of two centrosymmetric matrices is centrosymmetric. We give an alternative proof for this statement. For the proof, we need the following relation between flip and selection matrices.
Proposition 2.
Let J m and J m 2 ×m be the flip and the selection matrices, respectively. Then
Proof. If J m is an m × m flip matrix and J T m×m 2 is an m × m 2 selection matrix,
Thus, the proof of part (1) is completed. The second part clearly follows from (1) since J T m = J m .
We define a centrosymmetric matrix B in one of the following two forms
for n = 2m or n = 2m + 1, respectively. Proof.Using the definition of Hadamard product of A and B for n = 2m and n = 2m + 1, we have
To prove A • B is a centrosymmetric matrix, we need to show that
Note that the second equation clearly follows. For the first one, by Proposition 2 and Lemma 3, we have
We note that by Lemma 1, A • B has one of the following two forms
Li, Zhao, Dai and Su in [8] had proved that for a nonnegative centrosymmetric matrix it is possible to find the spectral radius of a matrix in terms of its blocks. In fact, if A and B are centrosymmetric matrices, then we have Proof. For n = 2m, by equation (9) 
